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A General Principle (1)

Consider the situation

y=f(0)+e E(ee) =0V
where
Y1 f(z1,0) e1
y=| ¥ £(0) = f($:2,9) e=|
un £(an, ) n
If we factor V-1 as V=1 = P'P, then the ro-
tated model
Py=Pf(0)+Pe or "y’ ="f"(0)+ "¢
is of the form we just studied because
& [(“e”)(”e”)'} = EPee P' = PE(ee’) P
= ¢2PVP =s2P(P'P) 1P
= o2




A General Principle (2)

For this observation to have any practical im-
portance, it is necessary for P to be a sparse
matrix with rows that have a simple, repetitive
pattern.

To see this, rewrite the rotated model

Py=Pf(6)+Pe or “y ="f"(6)+ "¢
as

Py =pif(0) +pje t=1,...,n

where pg fort=1,...,n are rows of P. To fit
into the framework of Chapter 1,
ufn ( “wt” , 0) — p;f(e)

must have a simple form such as
“fT (e, 0) = apf (xp—1,0) + bef (x4, 6)

where the sequence

x" = (r4—1, %, at, bt)
is a Cesaro sum generator. Our applications
have this structure.

Heteroskedastic Errors, Known Form

o2

v = f(z,0) +er  Eef = e Ten)

Rotated model

(x)yr = P(xt) f (21, 0) + P(we)et

Just regress

“yi" = P(x)ye on “f (w1, 0) = (xe) f (@, 0)

i.e., weighted least squares.

Heteroskedastic Errors
Known to Within a Parameter (1)

_ 1
»2 (@, 7)
Either (1) put the model in implicit form and apply max-

imum likelihood or (2) estimate r from least squares
residuals.

yr = f(x,0) + et Ee?

The first is what ought to be done if the vectors # and
7 have some elements in common.

(1) Maximum Likelihood

Implicit model: g(y, ¢, A) = (ze, ) [ye — f(2t,0)] = “et”
Parameter: A = (6,7) with elements in common deleted.

Assumed error density: p(e,o)

Jacobian term: J(y:) = %q(yr,xr,/\) = Y(x,7)

Log likelihood:

L(\0) = 10g [z, 7)| + D 10gplalys, zt, A), 0]

t=1 t=1

Heteroskedastic Errors
Known to Within a Parameter (2)

_ 1
RVICHED)
Either (1) put the model in implicit form and apply max-

imum likelihood or (2) estimate 7 from least squares
residuals.

yr = f(x¢,0) + e £e?

For (2) there are many approaches. This, in my opinion,
is the best

Regress y; on f(x,0) by nonlinear least squares to get
a preliminary least squares estimate # and residuals
€=y — f(wr,0).
Compute
n c 2
(7,é) = argmin [\ét| — —]
) ; 9 (ar )
using the optimization methods discussed in Chapter 1.
Regress
"y = P(we, Py on f" (w1, 0) = (@, T) f (w4, 0)
to get an estimate of 6 . If the errors are normally dis-
tributed, then ¢ estimates ,/27‘72. If the discrepancy be-
tween this value and ¢ is large (Wald test), you might
worry that your assumption that £e? = ﬁ is wrong.
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Detection of Heteroskedasticity

Breusch-Pagan test:

H:¢(z) =1 against A : ¢(x:) = h(B'zt)

Regress é7/s% on x¢, which is a linear regres-

sion, and reject H if
SSE(B)
2
exceeds the upper critical point of the chi
squared distribution on k£ — 1 degrees of free-
dom.

Plots:

Plot |&| against xz;; for i =1,...,k.
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Heteroskedasticity: Unknown Form (1)

The idea is to use the nonlinear least squares
estimator and correct the variance estimate
for heteroskedasticity. The correction is deter-
mine by working out the asymptotics assuming
that

yr=f(@,0°) +e; Ee;=0 Vare =of

where 02 is not necessarily equal to o7 when
s #= t . The independence assumption is re-
tained.

The first order conditions for
0, = argmin sp(0)

fcO
where

n(® =53 [y — f(ar, 0))2
Ni=1

are the same in Chapter 1.
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Heteroskedasticity: Unknown Form (2)

First Order Conditions

0

Taylor’'s Expansion of FOC

82 ~ ]
[wsn(on)} \/7_1('971 - 90) = _\/E%Sn(go)
where 8, is on the line segment joining 6° to
On. Because 6, must therefore be closer to
#° than On is and limp—e00Bn = 62, we have
liMn_soo On = 6° as well.
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Asymptotics of RHS

n

a9 o 2 0 .
*\/E%Sn(e )= %;%f(zt,o ) et
0

Mean: & [—y/ns.(6°)] =
Variance:

8 0
7, = Var [7\/5%5,2(0 )]
—_— 4 < 2 6 0 8 0 !
= ;;:1 of [T%ﬂmt’o )] [f%f(l‘he )]

Limiting Variance: (These are assumptions)

Iz = IlimZI,
n—00
I, = Ilim1Z,

n—00

where

n

7 _4 9 N o]
o= o e PP [ )| [t

Central Limit Theorem:
—Vnsa(6°) 5 N,y(0,T)
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Asymptotics of LHS (same as before)

2
|:8eagsn(0n):|

n

= 23 [/ Eress)|

2
+ Z;e [aeae/f(”:”e )}

A consequence of the uniform strong law of large numbers is that
a joint limit can be computed as an iterated limit; i.e.

In =

lim max|g.(0) —g(0)| =0 & lim 6, =0° = lim g,(0,) = g(6°)
n— €O n—o0 n—00

Therefore:

= 2/ [%f(mf,a“)] [%f(zn@“)]/du(l’)

2
+ 2/edP(e)/$f(zu0°) du(z)
= 2Q
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LHS & RHS Combined

Slutsky's Theorem:
Jn\/ﬁ(gn — 90) = _\/Esn(eo)
—Vnsn(6°) 5 N,(0,7)
J = nli_>moo In
imply
V(B —6°) 5 Ny (0,7 1.
That is all there is. In the heteroskedastic case

the matrix J1ZJ7 ! cannot be reduced to a
simpler form.
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Heteroskedasticity: Unknown Form (3)

To summarize, use the nls estimator
0n = argmin[y — f(0)]' [y — £(0)]
6co

and estimate the variance-covariance matrix of

\/ﬁ(én — 6°) by

Vv=7g"1177"1
using
J=2pF
- 4 2 3} !
2 2 7 [gg 0] [0
where
89,f(9n) e=y— f(gn)
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Heteroskedasticity: Unknown Form, Tests

H : h(0#°) = 0 against A : h(6°) = 0O

The proof that the likelihood ratio test follows
the chi squared distribution requires Z to equal
J to within a scalar multiple. Therefore the
likelihood ratio test cannot be used.

The Wald test is essentially A = h(8,) divided

by its standard error. This can still be done:
W =nh/(AVA) 1k

where H = (8/00")h(6y).

The Lagrange multiplier test is the G-N down-
hill direction D = (F'F)~1F'[y — f(8,)] divided
by its standard error:
R=nD'A"(BVA)"'BD
where 8, = argmin [y — f(0)] [y — f(#)]
h(6)=0

In both cases, reject when the statistic exceeds
upper critical point of the chi squared distribu-
tion on ¢ degrees freedom.
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Serial Correlation: Known Form (1)

yr = f(x,0°) +ug Euy =0
If the errors u; are stationary, a standard as-
sumption, then
Eugupyp, = v(h).

That is, the covariances only depend on the
distance in time between errors, not on their
position in time.

Written in vector form, the model is

y=Ff(0)+u Eu=0 Euwl/ =",
where

7(0) (1) (2 ... y(n-1)
~7(1) 7(0) (1) ¥(n —2)
= '7(_2) (1) 7(0) (n —3)

y(n=1) A(n—2) v(n-3) (0
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Serial Correlation: Known Form (2)

If v(h) declines to zero at a geometric rate,
a standard assumption, then the variance ma-
trix of an autoregressive model of order ¢ can
approximate I, to within arbitrary accuracy.
The autoregressive model has a very conve-
nient factorization: (I,)~! = P'P
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wtau_1=e Eet=0 Ee?=a>

Yule-Walker Equations:
Eupur + afurur_1 = Eusey

Eup—qur + afu—1ui—1 = Euy—1e4
that is,
7(0) 4+ ay(1) = o?
7(1) +av(0) =0

AR-1 Transformation:
a/y/~v(0) O ... 0
a 1

P = a 1

Rotated model:

oy1 af(z1,6)

V(0) T /4(0)
ayt + yi-1 = af(zt,0) + f(zi-1,0) +ee t=2,...,n

+e t=1

21

AR-q
2

2
ugtaiug 1taxup o+ -Fagqur g =e Eef =0

Yule-Walker Equations:

1 o2
ay | _ 0
Tgt1| [ | =
aq 0
Solution:
a = _r<;17q
o2 = ~(0) + d'r,
where
ay (1)
a= i Yy = i
aq ~7(q)
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AR-q

AR-q Transformation:

oF, 0
pP= ag Qg-1 ... ai 1
ag  ag-1 ... a1 1
ag ag-1 ... a1 1

where

(M)t =Py

Rotated Model:

Y1 f(z1,0)
Pyl : =F : + et
Yq f(mlb 0)
Yi—1 f(xi—1,0)
yitad | | = fz,0)+d i +et
Yt—q f(mtftp 9)
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AR Transformations

All one needs to compute the transformation
are estimates of v(h) . These can be estimated
as follows:

Regress y: on f(x¢,0) by nonlinear least squares
to get a preliminary least squares estimate 6
and residuals

=y — f(x4,0).
Estimate ~(h) by
n—h
F(h) == Gtigqp
ny=1
for h=0,1,...,q.

Use upward t-testing or BIC to determine gq.

These are rotated models so the methods of
Chapter 1 apply.

Reference: Gallant, A. Ronald, and J. Jeffery Goebel
(1976), “Nonlinear Regression with Auto-correlated Er-
rors,” Journal of the American Statistical Association
71, 961-967.
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Serial Correlation: Unknown Form (1)

yr = f(@1,0°) +er Eer =0 Eereryy = v(t, h)

The correlations depend on the separation in time and
the position in time, and can be heteroskedastic as well.

Regularity conditions are usually stated in terms of mix-
ing coefficients such as the strong mixing coefficient

aj, = max max |[P(AN B) — P(A)P(B)|

where A is an event that depends only on the past,
namely (---,et—1,et), and B depends only on the future,
namely (ei4n; €i+n+1,--.). Notice the gap h between the
past and future.

The relation between covariances and mixing coeffi-
cients is as follows: If £u; < B", then

ly(t, h)| < 8B(ay)" =2/

The typical rate to get a strong law and a central limit
theorem is

ap = b/ =D
for some € > 0. Notice that this is slower that the geo-

metric rate on covariances implied by the AR assumption
used earlier.
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Serial Correlation: Unknown Form (2)

As with heteroskedasticity of unknown form,
the idea is to use the nonlinear least squares
estimator and correct the variance estimate for
both serial correlation and heteroskedasticity.
The correction is determined by working out
the asymptotics assuming that

yt = f(24,0°) +e; Eet =0 Eepeppp, =v(t,h).
where both z; and e; satisfy mixing conditions.
The first order conditions for

0, = argmin s,(9)

fco
where

1 n
sn(0) = = [yt — fa,0)]°
Ni=1
are the same in Chapter 1.
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Serial Correlation: Unknown Form (3)

First Order Conditions

0

Taylor’'s Expansion of FOC

82 ~ ]
[wsn(on)} \/7_7'('971 - 90) = _\/E%Sn(go)
where 8, is on the line segment joining 6° to
On. Because 6, must therefore be closer to
#° than On is and limp—e00Bn = 62, we have
liMn_soo On = 6° as well.
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Asymptotics of RHS

2 L9
n(07) = —f(2:,0°
\/_ 8( )= Jn tz;aof(l’t )et
Mean: & [—y/nZsa(6°)] =0
Variance:

7, = Var [—\/535"(00)]
ST (9 o | ERO |

s=1t=1

Limiting Variance: (This is an assumption)

7 = Ilim1Z,

n—o0

Central Limit Theorem:

—Vsn(68°) 5 N,(0,7)
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Asymptotics of LHS (same as before)

2
TIn = Sn(en):|

[aeaﬂ

n

= 23 [/ Eress)|

2
+ Z;e [aeae/f(”:”e )}

A consequence of the uniform strong law of large numbers is that
a joint limit can be computed as an iterated limit; i.e.
lim max|g.(0) —g(0)| =0 & lim 6, =0° = lim g,(0,) = g(6°)
n—o00 €@ n—o0 n—00

Therefore:

n—00

= 2/ [%f(mf,a“)] [%f(zn@“)]/du(l’)

2
+ 2/edP(e)/$f(zu0°) du(z)
= 2Q
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LHS & RHS Combined

Slutsky's Theorem:
Jn\/ﬁ(gn — 90) = _\/Esn(eo)
—Vnsn(6°) 5 N,(0,7)
J = nli_>moo In

imply

A oy £ -1 -1

Vi@, —6°) 5 Np(0,7 12T 7).

As for the heteroskedastic case, that is all there

is. The matrix 7~ 1Z7 ! cannot be reduced to
a simpler form.
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Estimation of Z from NLS Residuals (1)

Rewrite the variance by grouping terms that
are equidistant in time:

I, = %Z::lé {6s€t[6 fxs, O)] [%f(mt,ao)]l}
_ ¥ .
r=—(n—1)
where

Z Eeter—r— (wt,eo)*f(wt 0°) 7>0
In7'= t—T+1 8 oo’

!
I’I’l,*‘l’

T<0

This looks like the formula for the variance of
a spectral density at the zero frequency. Re-
sults from the spectral density literature can
be applied.
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Estimation of Z from NLS Residuals (2)

Use residuals

e = ys — f(xt,0n)
from the nonlinear least squares estimate

0n = argmin[y — f(6)]' [y — £(0)]
6c©
to compute
l(n) r
In = w (*) fn-r
T=§(n) I(n)

where I(n) = nl/5 and

Zéét T f(CL't,e) f(xtf‘l'aé)’rzo
+1

~ /
Inr= 6
Irlu—‘r 7<0
1-6/w2+6l 0< <}
w(v) =
2(1—v])3 $<|u<1
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Estimation of Z from NLS Residuals (3)

In the previous transparency, the truncation of
the sum at n1/5 is to avoid summing n? item-
Ss. The overall divisor is n, so the sum would
never converge. This introduces bias due to
the neglected terms Z,, for |7| > n/5, but this
bias is small because Z,r declines to zero at a
polynomial rate due to the mixing assumptions
that were used to get asymptotic normality.

The truncation of the sum at nl/5 would de-
stroy the positive definiteness of Z,, were not
for the weight function w(v). That is the
reason for its presence. The weight function
shown is called the Parzen window, which is
the recommended choice in the spectral den-
sity literature.
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Serial Correlation: Unknown Form (4)

To summarize, use the nls estimator
On = argmin[y — f(0)]' [y — £(0)]
0co
and estimate the variance-covariance matrix of

\/ﬁ(gn —6°) by

using

and 7, as defined above, where

= ().
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Serial Correlation: Unknown Form, Tests

H : h(0#°) = 0 against A : h(0°) = 0O

The proof that the likelihood ratio test follows
the chi squared distribution requires Z to equal
J to within a scalar multiple. Therefore the
likelihood ratio test cannot be used.

The Wald test is essentially A = h(8,) divided

by its standard error. This can still be done:
W =nh/(AVA) 1k

where H = (8/00")h(6y).

The Lagrange multiplier test is the G-N down-
hill direction D = (F'F)~1F'[y — f(8,)] divided
by its standard error:
R=nD'A"(BVA)"HBD
where 8, = argmin [y — f(8)] [y — f(#)]
h(6)=0
In both cases, reject when the statistic exceeds
upper critical point of the chi squared distribu-
tion on ¢ degrees freedom.
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