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Topics

� Kernel density estimation

� Bandwidth selection

� Multivariate density estimation

� Kernel regression estimation
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Empirical distribution

F̂n(x) =
1

n
(no of x1::xn � x)

An unbiased estimator of F(x).

Asymptotically normal

E(F̂n � F)2 ! 0 at the rate
1

n

Density

f(x) = lim
h!0

1

2h
[F(x+ h)� F(x� h)]

Density estimate?

f̂n(x) = lim
h!0

1

2h
[F̂n(x+ h)� F̂n(x� h)]

for small h.
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Density estimate?

f̂n(x) =
1

2h
[F̂n(x+ h)� F̂n(x� h)]

=
1

2nh
[#x1; � � � ; xn in (x� h; x+ h)]

=
1

n

nX
t=1

1

h
K

�
x� xt

h

�
where

K(u) =

(
1=2 if juj < 1
0 otherwise

= uniform density on (�1;1)
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Round the corners

The roughness can be removed by using a s-

mooth density such as the normal

K(x) = (2�)�1=2 exp[(1=2)x2]

in the estimator

f̂n(x) =
1

n

nX
t=1

1

h
K

�
x� xt

h

�
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Measures of quality

Mean Square Error (local)

MSEx(f̂) = E[f̂(x)� f(x)]2

= E[f̂(x)� E f̂(x)]2+ E[E f̂(x)� f(x)]2

= Var[f̂(x)] + fbias[f̂(x)]g2

Mean Integrated Square Error (global)

MISE(f̂) = E

�Z
[f̂(x)� f(x)]2 dx

�
=

Z n
E[f̂(x)� f(x)]2

o
dx

=

Z
MSEx(f̂) dx

= IMSE(f̂)
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Approximation to MISE

If

� K(t) is symmetric, de�ned on [�1;1]

�
R
K(t) dt = 1 (K is a density)

�
R
tK(t) dt = 0 (K has mean zero)

�
R
t2K(t) dt = �2K > 0 (K has positive variance)

� n!1; h! 0; nh!1

then

MISE(f̂)
:
=

1

4
�4K h4

Z
[f\(x)]2 dx+

1

nh

Z
[K(t)]2 dt
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Approximation to MISE

MISE(f̂)
:
= 1

4�
4
K h4

R
[f\(x)]2 dx+ 1

nh

R
[K(t)]2 dt

hopt
:
=

� R
[K(t)]2 dt

�4K
R
[f\(x)]2 dx

�1=5
n�1=5

) Rougher functions require smaller h.

MISE(fopt)
:
= 5

4C(K)f
R
[f\(x)]2dxg1=5n�4=5

C(K) =
f
R
[t2K(t)]dtg2=5

f
R
[K(t)]2dtg4=5

) C(K) measures eÆciency of K(t).
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Bandwidth selection

Subjective choice

Plot out several curves and choose the esti-

mate that is most in accordance with one's

prior ideas about the density. For many appli-

cations this approach will be perfectly satisfac-

tory. Indeed the process of examining several

plots of the data, all smoothed by di�erent

amounts, may well give more insight into the

data than merely considering a single automat-

ically produced curve.

Silverman
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Solid line is the kernel estimate; dashed line is a reference normal.

Kernel Estimate of the Dollar/Mark Marginal Density

K is Gaussian. What is your visual pick?

19

-5 0 5

0.
0

0.
1

0.
2

0.
3

Solid line is the kernel estimate; dashed line is a reference normal.

Kernel Estimate of the Dollar/Mark Marginal Density 
 Bandwidth = 0.3

Here is my visual pick.
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Plug-in rules

hopt
:
=

� R
[K(t)]2 dt

�4K
R
[f\(x)]2 dx

�1=5
n�1=5

If f and K were both Gaussian

R
[f\(x)]2dx = (3=8)��1=2��5

�2K =
R
t2K(t) dt = 1

R
[K(t)]2 dt = (4�)�1=2

then

hopt = 1:06 � n�1=5

�
2
= (1=n)

Pn
t=1(xt � �x)2

= (interquartile range)/1.34
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Solid line is the kernel estimate; dashed line is a reference normal.

Kernel Estimate of the Dollar/Mark Marginal Density 
 Bandwidth = 0.413167

K is Gaussian, normal f plug-in rule.
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Plug-in rules

Empirically determined improvement

hopt = (0:9)An�1=5

A= min(standard deviation; interquartile range/1.34)
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Solid line is the kernel estimate; dashed line is a reference normal.

Kernel Estimate of the Dollar/Mark Marginal Density 
 Bandwidth = 0.265856

K is Gaussian, Silverman empirically deter-

mined plug-in rule.
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Least squares cross validation

The idea is to use the data to estimate

Z
f̂2 � 2

Z
f̂f;

which is the part of the integrated square error

Z
(f̂ � f)2 =

Z
f̂2 � 2

Z
f̂ f +

Z
f2

that depends on the bandwidth h; plot

the estimate against h; and choose the

minimizing value to compute f̂ .
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Least squares cross validation

An estimate of Z
f̂2 � 2

Z
f̂ f

is

M1(h) = n�2h�1
X
i

X
j

K�[h�1(xi � xj)]

+ 2n�1h�1K(0)

where

K�(u) = K(2)(u)� 2K(u)

K(2)(u) =

Z
K(u� t)K(t)dt
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Solid line is the kernel estimate; dashed line is a reference normal.

Kernel Estimate of the Dollar/Mark Marginal Density 
 Bandwidth = 0.2

K is Gaussian, least-squares cross-validated

bandwidth.
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Least squares cross validation

Stone:

The di�erence between least-squares cross-

validation estimate of h and the bandwidth

that minimizes the integrated square errorZ
[f̂(u)� f(u)]2 du

converges to zero as sample increases.

Marron:

The variability in the least-squares cross-validation

estimate of h is so large that the result is use-

less.
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Adaptive plug-in rules

Park & Marron:

hPI
:
= �

�4=5
K [R(K)=R(f̂\a)]

1=5n�1=5

R(g) =
R
g2(u) du

�2g =
R
t2g(t)dt

f̂a is a kernel estimate with bandwidth a
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Adaptive plug-in rules

Park and Marron �nd the optimal a in terms of

f . They combine this with the formula for hopt
to �nd a in terms of hopt : a = A(hopt). They

�nd the root of

h
:
= �

�4=5
K [R(K)=R(f̂\A(h))]

1=5n�1=5

to get hPI.

Currently recommended variant:

Sheather, S. J., and M. C. Jones (1991).

\A Reliable Data-Based Bandwidth Selection

Method for Kernel Density Estimation,." Jour-

nal of the Royal Statistical Society B 53, 683-

690.
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Solid line is the kernel estimate; dashed line is a reference normal.

Kernel Estimate of the Dollar/Mark Marginal Density 
 Sheather-Jones bandwidth = .255366

K is Gaussian, Sheather-Jones bandwidth.
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Visual methods

Overplot densities for a large number of band-

widths with the data determined bandwidth

shown with a wider line width than the oth-

ers.

33

A Good Way to Display Panel Data
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Adaptive methods

Variable bandwidth kernels

Silverman, B. W. (1986), Density Estima-

tion for Statistics and Data Analysis, London:

Chapman and Hall.

Transformation methods

Wand, M. P., J. S. Marron, and D. Rupert

(1991), \Transformations in Density Estima-

tion," Journal of the American Statistical As-

sociation 86, 343{352.
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Mixture: generates density plots and data

usage: mixture -n value -d name [options]

flags: -n value number of observations or number of plot points
the flag -m is a synonym

-d name density to sample or plot, choices: gaussian,
skewed_unimodal, strongly_skewed, kurtotic_unimodal,
outlier, bimodal, separated_bimodal, skewed_bimodal,
trimodal, claw, double_claw, asymmetric_claw,
asymmetric_double_claw, smooth_comb, discrete_comb

options: -s value supply an integer seed rather than accept default
-p generate plot points
-e output observations in e format with full precision

examples: mixture -n 200 -d claw > out.dat
The output file contains y values, one per line.

mixture -n 200 -d claw -p > out.dat
The output file contains y x pairs, one pair per line,
y first.

reference: Marron, J. S., and M. P. Wand (1992) Exact Mean Integrated,
Squared Error, The Annals of Statistics 20, 712--736.
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The various densities generated by mixture.
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Uniden: kernel density estimation

usage: uniden [options] filename

options: -p predict at data points only
-c cross validate instead of estimate
-q quadratic kernel, normal is default
-o override Sheather-Jones bandwidth selection
-d do not bin the data
-f acts as a filter, takes standard input
-n normal density points instead of kernel
-m value maximum sample size
-b value bandwidth
-g value number of plot points sent to cout
-xmin value minimum plot point
-xmax value maximum plot point

example: uniden -b 6.0 -q -g 200 in.dat >out.dat

The input file contains x values, one per line. The output
file contains y x pairs, one pair per line, y first.
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Trimodal example: kernel density estimation

mixture -n 500 -d trimodal > mix.dat

mixture: 500 observations from density trimodal

mixture -n 100 -d trimodal -p > mix.tru

mixture: 100 plot points from density trimodal

uniden -xmin -3.0 -xmax 3.0 -g 100 -n mix.dat > mix.nor

uniden -xmin -3.0 -xmax 3.0 -g 100 -o mix.dat > mix.ker

Trials:
cv -0.217074 bw 0.498839
cv -0.217959 bw 0.465583
cv -0.218791 bw 0.432327
cv -0.219566 bw 0.399071
cv -0.220277 bw 0.365815
cv -0.220917 bw 0.332559 = 0.9*min(sd,iqr/1.34)/pow(n,0.2)
cv -0.221475 bw 0.299303
cv -0.221931 bw 0.266048
cv -0.222241 bw 0.232792
cv -0.222305 bw 0.199536
cv -0.221927 bw 0.16628
cv -0.220751 bw 0.133024
cv -0.21832 bw 0.0997678
cv -0.213631 bw 0.0665119

Selection:
bandwidth = 0.199536
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Trimodal example: Matlab plotting

fid = fopen('mix.tru','r');
tru = fscanf(fid,'%f %f',[2,inf])';
fclose(fid);

fid = fopen('mix.nor','r');
nor = fscanf(fid,'%f %f',[2,inf])';
fclose(fid);

fid = fopen('mix.ker','r');
ker = fscanf(fid,'%f %f',[2,inf])';
fclose(fid);

left = min([tru(:,2)',nor(:,2)',ker(:,2)'])-.1;
rite = max([tru(:,2)',nor(:,2)',ker(:,2)'])+.1;

bot = min([tru(:,1)',nor(:,1)',ker(:,1)']);
top = max([tru(:,1)',nor(:,1)',ker(:,1)'])+.01;

figure(1);
plot(ker(:,2),ker(:,1),'-','LineWidth',1.0);
axis([left rite bot top]);
str = ['\fontsize{16} \bf Trimodal Data: ',...

'Cross Validated Kernel Density Estimate'];
title(str);
str = ['\fontsize{13}Solid line is kernel estimate, ' ...

'dashed true density, dotted reference normal'];
xlabel(str);
hold on;
plot(tru(:,2),tru(:,1),'--','LineWidth',1.0);
plot(nor(:,2),nor(:,1),'.','LineWidth',1.0);
hold off;

print -r300 -deps2 mix.ps;
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  Trimodal Data: Cross Validated Kernel Density Estimate

Solid line is kernel estimate, dashed true density, dotted reference normal
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Multivariate density estimation

number of feetd

dimension in a yardd

1 3
2 9
3 27

4 81
5 243

� �
� �
� �

d 3d

The number of points required to preserve a

given grid �neness goes up exponentially with

dimension.
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Multivariate Normal Kernel

x 2 <d

f̂(x) = n�1
Pn
t=1 h

�dK[(x� xt)=h]

K(u) = (2�)�d=2[det(S)]�1=2 exp[�u0S�1u=2]

S = n�1
Pn
t=1(xt � �x)(xt � �x)0

hopt = [4=(2d+1)]1=(d+4)n�1=(d+4)

M1(h) = n�2h�df
P
s
P
tK

�[(xt�xs)=h]+2K(0)g

K�(u) = K(2)(u)� 2K(u)

K(2)(u) = density of sum two independent u � K(u)

= (2�)�d=2[det(2S)]�1=2 exp[�u0(2S)�1u=2] for the normal
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Nonparametric Regression

Regression as conditional expectation

(y; x) � f(y; x)

(yt; xt); t = 1; : : : ; n; a random sample

E(yjx) =

R
yf(y;x) dyR
f(y;x) dy

� g(x)

This is de�nitional, conditional expectation de-

�nes the regression

yt = g(xt) + ut

ut uncorrelated with any function of x
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Kernel estimate of f(x) and f(y; x)

K(u) = (2�)�d=2[det(S)]�1=2 exp[�u0S�1u=2]

x 2 <k

f̂(x) = n�1
Pn
t=1 h

�kK[(x� xt)=h]

S = n�1
Pn
t=1(xt � �x)(xt � �x)0

f̂(y; x) = n�1
Pn
t=1 h

�k+1K[(y � yt; x� xt)=h]

S = n�1
Pn
t=1(yt � �y; xt � �x)(yt � �y; xt � �x)0
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Kernel estimate

If the kernel satis�es

R
yK(y; x) dy = 0 and

R
K(y; x) dy = K(x)

then

ĝ(x) =

R
yf̂(y; x) dyR
f̂(y; x) dy

=

Pn
t=1 ytK[(x� xt)=h]Pn
t=1K[(x� xt)=h]

= a locally weighted average of yt
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Cross validation

Let ĝt be the estimator of g(x) with xt left out

of the sample and with bandwidth h. Choose

h to minimize

CV(h) =
1

n

nX
t=1

[yt � ĝt(xt)]
2

47

Time series (Robinson)

yt 2 <
M xt�1 = (y0t�L; ..., y

0
t�1)

0

Joint density

f̂(y; x) = n�1h�ML�M Pn
t=1K[(y�yt; x�xt�1)=h]

One-step-ahead conditional density

f̂(yjx) = f̂(y; x)=
R
f̂(y; x)dy

Conditional mean

Ê(yjx) =
Pn

t=1 ytK[(x�xt)=h]Pn
t=1K[(x�xt)=h]

Conditional variance

V̂ (yjx) =
Pn

t=1(yt�Êt)(yt�Êt)
0K[(x�xt)=h]Pn

t=1K[(x�xt)=h]

Êt = Ê(yjxt)

Works because time series data are correlated

in time, not in space.
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Unireg: kernel regression estimation

usage: unireg [options] filename

options: -p predict at data points only
-c cross validate instead of estimate
-q quadratic kernel, normal is default
-d do not bin the data
-f acts as a filter, takes standard input
-m value maximum sample size
-b value bandwidth
-g value number of plot points sent to cout
-xmin value minimum plot point
-xmax value maximum plot point

example: unireg -b 6.0 -q -g 200 in.dat >out.dat

The input file contains y x pairs, one pair per line, y first.
The output file is the same.
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Exchange rate example: SAS data preparation

data work01;
infile 'dm_fri.dat';
input
(yy mm dd day gap spot forwrd tb30);

s = 100*(log((1.0/spot)));
f = 100*(log((1.0/forwrd)));

ds = s - lag1(s);
fs = f - s;
tb = tb30;

if _n_ = 1 then delete;

data work02;
set work01;
dslag=lag(ds);
if _n_=1 then delete;

proc sort data=work02 out=work03;
by dslag;

data work04;
set work03;
file "ds_lev01.dat";
put ds 20.16 dslag 20.16;

50

Exchange rate example: kernel regression

unireg -p ds_lev01.dat > ds_lev02.a.dat

Trials:
cv 2.26143 bw .398417
cv 2.26179 bw .371856
cv 2.26230 bw .345295
cv 2.26299 bw .318733
cv 2.26387 bw .292172
cv 2.26500 bw .265611 = .9*min(sd,iqr/1.34)/n**.2
cv 2.26640 bw 0.23905
cv 2.26821 bw .212489
cv 2.27078 bw .185928
cv 2.27512 bw .159367
cv 2.28318 bw .132806

Selection:
bandwidth = .398417
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Exchange rate example: Splus plotting

par(mfrow=c(1,1),oma=c(4,3,5,3))

tmp <- matrix(scan("ds_lev01.dat"),
ncol=2,byrow=T)

y <- tmp[,1]
x <- tmp[,2]

tmp <- matrix(scan("ds_lev02.a.dat"),
ncol=2,byrow=T)

yhat <- tmp[,1]
xplt <- tmp[,2]

plot(c(x,xplt),c(y,yhat),type="n",
ylab="",xlab="")

points(x,y)
lines(xplt,yhat)

mtext(side=1,line=-1,cex=1.3,outer=TRUE,
"Solid line is the kernel estimate; \
points are a scatter plot of the data.")

mtext(side=3,line=1,cex=2,outer=TRUE,
"Kernel Estimate of the Dollar/Mark
Conditional Mean \n
Bandwidth = 0.398417")
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Solid line is the kernel estimate; 
points are a scatter plot of the data.

Kernel Estimate of the Dollar/Mark Conditional Mean 
Bandwidth = 0.398417

The estimate is ridiculous: The condition-

al expectation of tomorrow's return given

yesterday's return is zero, not the crooked

line above.
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Solid line is the kernel estimate; 
points are a scatter plot of the data.

Kernel Estimate of the Dollar/Mark Conditional Mean 
Bandwidth = 0.9

unireg -p -b .9 ds_lev01.dat > ds_lev02.b.dat

The estimate is better. It suggests momen-

tum in the center. But in subsequent compu-

tations it might make more sense to just put

Ê(ytjyt�1) = 0.
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Exchange rate example: SAS data preparation

data work01;

infile 'ds_lev01.dat';
input y x;

infile 'ds_lev02.b.dat';
input yhat xplt;

r2 = (y-yhat)**2;

file "ds_lev03.dat";
put r2 20.16 x 20.16;

55

Exchange rate example: kernel regression

unireg -p ds_lev03.dat > ds_lev04.a.dat

Trials:
cv 24.4078 bw .398417
cv 24.4928 bw .371856
cv 24.5969 bw .345295
cv 24.7228 bw .318733
cv 24.8726 bw .292172
cv 25.0468 bw .265611 = .9*min(sd,iqr/1.34)/n**.2
cv 25.2450 bw 0.23905
cv 25.4677 bw .212489
cv 25.7219 bw .185928
cv 26.0297 bw .159367
cv 26.4331 bw .132806

Selection:
bandwidth = .398417

unireg -xmin -2. -xmax 2. -b .398417 ds_lev03.dat > ds_lev04.b.dat

Note: There are two �ts with the same bandwidth

above. The �rst has the x-axis ranging from the min

and max of the data; the second from -2 to +2.
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Solid line is the kernel estimate; 
points are a scatter plot of the data.

Kernel Estimate of the Dollar/Mark Conditional Variance 
Bandwidth = 0.398417
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Kernel Estimate of the Dollar/Mark Conditional Variance 
Bandwidth = 0.398417
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Localization

A kernel regression estimator can be viewed as

a weighted least squares estimate of a mean

�x =

Pn
t=1 ytK[(x� xt)=h]Pn
t=1K[(x� xt)=h]

= (X 0WX)�1(X 0Wy)

ĝ(x) = �x

where

X =

0BB@
1
1
...
1

1CCA y =

0BB@
y1
y2
...
yn

1CCA

W =

0BB@
K[(x� x1)=h]

K[(x� x2)=h]
. . .

K[(x� x2)=h]

1CCA
Note that W depends on both x and h.
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Local linear

 
�̂
�̂

!
= (X 0WX)�1(X 0Wy)

ĝ(x) = �̂+ �̂x

where

X =

0BB@
1 x1
1 x2
... ...
1 xn

1CCA y =

0BB@
y1
y2
...
yn

1CCA

W =

0BB@
K[(x� x1)=h]

K[(x� x2)=h]
. . .

K[(x� x2)=h]

1CCA

Note that �̂ and �̂ must be recomputed for

each x.
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Local quadratic0B@ �̂
�̂
̂

1CA = (X 0W�1X)�1(X 0W�1y)

ĝ(x) = �̂

where

X =

0BB@
1 x1 � x (x1 � x)2

1 x2 � x (x2 � x)2
...

1 xn � x (xn � x)2

1CCA y =

0BB@
y1
y2
...
yn

1CCA

W�1 =

0BB@
K[(x� x1)=h]

K[(x� x2)=h]
. . .

K[(x� x2)=h]

1CCA
�̂; �̂; and ̂ must be recomputed for each x. Local
quadratic is better than local linear because the bias is
smaller but the variance is the same. Similarly, local
quartic is better that local cubic.

Derivative estimate:
d

dx
ĝ(x) = �̂
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Localization

Nearly anything can be localized. Here is local

maximum likelihood:

�̂x =
�2�

argmax
nX

t=1

K[(x� xt)=h] log[p(ytjxt; �)]

Ê(yjx) =
Z
y p(yjx; �̂x) dy

dVar(yjx) = Z h
y � Ê(yjx)

i2
p(yjx; �̂x) dy

� must be recomputed for each x.
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