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1. (10%) Let A and B be disjoint events from (Q,F, P) that occur with probability
pa = P(A) and pg = P(B), respectively. Let Y be the random variable on (2, F, P)
defined by Y (w) = I4(w) + Ip(w).

(a) Compute £Y.

(b) Compute Var(Y).

(c) Derive the density function fy(y) of Y.
)

(d) Derive the distribution function Fy(y) of Y.

2. (15%) Consider the random variable X with density

0 otherwise

o) - {A(4—x2) 0<z<2

(a) Compute A.

(b) Compute the mean of X.

)
)
(c) Compute P(0< X <1).
(d) Compute the variance of X.
)

(e) Find the density of the random variable Y = /X .

3. (15%) Consider the jointly distributed random variables X and Y with density

fle,y) =

A +y) 0<z<4,0<y<4
0 otherwise

(a) Compute A.

(b) Compute the marginal density f(z) .
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(c) Compute the conditional density f(y|z) .
(d) Compute the covariance between X and YV .
(e) Compute P(1< X <2, 1<Y <2).
4. (10%) For each of the following, if the statement is true, then prove it, if the statement
is false, then give a counter example.
(a) The collection A = {0, Q, A, A} a o-algebra.
(b) The union of two o-algebras a o-algebra.

(c) The intersection of two o-algebras a o-algebra.
5. (5%) Suppose that Y = £(X|Fp) and that EX = p.

(a) Show that &Y = p.
(b) Show that Y2 < £(X2| ).

6. (15%) For each density fx, support X', and transformation Y = ¢g(X) listed below find
the density fy and support Y of the random variable Y. Check your work by verifying

that fy fy (y) dy = 1.

(a) fx(z)=422°1—2), X ={z:0<z <1}, Y = X3

(b) fx(x)=5e*, X ={r:0<x <o}, Y =2X+1.

(c) fx(z)=(@2m) e/ X ={r: —co<z <oo}, Y =2X +1.

(d) fx(z)=2r) Y22 X ={z: —c0 <z <0}, ¥ =e¥.

(e) fx(z)=(2m) Y22 X ={z: —c0 <z <0}, Y = |X].

7. (10%) In a common valuation, oral ascending auction with n bidders, the winner pays

the second largest value in a random sample X1, -+, X,, from the common valuation
distribution Fx(z). Derive the distribution of the winning bid.

Hint: If there are three bidders and Y denotes the winning bid then Fy(y) = P(X; <
y, Xo <y)+ P(X1 <y, y < Xp) + P(Xy <y, y < X))



8. (20%) Let y; = Bo + fixz; + e; where {(x;,e;)}5°, is a sequence of independent and

identically distributed random variables with common mean

£ z _ M
[} 0
and common variance
P (@1 = pa)* (21— pa)er | of a0
€1 (xl - ,U'w) 6% 0 Oee

Also, assume that z; and e; are independent and have finite fourth moments. Let

Y1 1 x el

y = y.2 X — 1 115.2 8= Bo o — 6'2
o

y'ﬂ 1 ‘/I"n en

and recall that the least squares estimator is
Bn = (X'X)1X"y.

Below you are asked to verify that several random variables converge in probability. If

you would rather work with almost sure convergence instead, you may.
. -1
(a) Show that 3, = 8+ (2X'X)  (:X'e).

(b) Show that =X'X converges in probability to fa
fe  Oua + 12

(c) Show that det (%X 'X ) converges in probability to 0.

(d) Assuming that o, > 0, why do Problems 8b and 8c imply that (%X’X)i1 con-
Ouz + My —Ha

verges in probability to i
— g 1

(e) Show that =X'e converges in probability to
0

(f) Use the results above to show that f, converges in probability to 8.



