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1. (25%) The coin tossing probability space is (2, F, P), where Q = (0,1], F is the
smallest o-algebra containing all intervals of the form (a,b], 0 < a < b < 1, and
P(A) = [I4(w)dw. Let Fy = (0,1/2], F, = (0, 1/4] U (1/2, 3/4], X1(w) = Ip (w),
Xo(w) = Ip,(w) and Y = X7 + Xo.

(a) Show that F; and F, are independent events.

(b) Derive the densities fx,(21), fx,(%2), fxi,x,(%1,22) of X1, Xo, and (X;, X5), re-
spectively.

(C) Show that le,X2 (‘7“1’332) = fX1 (xl)sz('rQ)

(d) Fy is the event “tails on the first toss”, Fy is the event “tails on the second toss.”
Write down the event “tails on the third toss” in terms of unions of intervals of

the form (a, b].

(e) Is Fy U Fy the event “one tail in the first two tosses” or is it the event “at least

one tail on the first two tosses?”

(f) Derive the density fy(y) of Y.

2. (20%) Complete the following table

:Y) y
1 2 3 4 5 |f@)|EV|X)()
.01 .02 .03 .03 .04
.04 .05 .04 .05 .06
.03 .03 .05 .05 .05
.02 .02 .03 .04 .05
.04 .05 .05 .06 .06
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3. (20%) A pair of dice are thrown and the sum is noted. The throws are repeated until

either a sum of 6 or a sum of 7 occurs.

(a) What is the sample space for this experiment.

(b) What is the probability that the sequence of throws terminates in a 7.
4. (15%) Show that the intersection of two o-algebras is a o-algebra.

5. (20%) If A and B are subsets of X', and Aj, As, ... is a sequence of subsets from X,
show that the inverse image satisfies these properties:
(5) X1 (N 4i) = N2y X1 (A))
(6) If h(w) = g[X (w)], then h™}(B) = X~[g~}(B)]
You may use these facts without proof in your answer:
(1) If A C B, then X !(A4) ¢ X 1(B)
(2) X Y(AuB) =X"1A4A)uX(B)
(3) X" (AnB)=X"14A)nX"YB)
(4) X1 (U, ;) = U2, X' (4)
(7) X~

) X
)
)
7) 1(NA)—NX H(4)



